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ESTIMATION OF DOMAIN MEANS ON THE BASIS OF
STRATEGY DEPENDENT ON DEPTH FUNCTION
OF AUXILIARY VARIABLES’ DISTRIBUTION

Janusz L. Wywial'

ABSTRACT

The paper deals with the problem of estimation of a domain means in a finite
and fixed population. We assume that observations of a multidimensional
auxiliary variable are known in the population. The proposed estimation strategy
consists of the well known Horvitz-Thompson estimator and the non-simple
sampling design dependent on a synthetic auxiliary variable whose observations
are equal to the values of a depth function of the auxiliary variable distribution.
The well known spherical and Mahalanobis depth functions are considered. A
sampling design is proportionate to the maximal order statistic determined
on the basis of the synthetic auxiliary variable observations in a simple sample
drawn without replacement. A computer simulation analysis leads to the
conclusion that the proposed estimation strategy is more accurate for domain
means than the well known simple sample means.

Key words: sampling design, order statistic, auxiliary variable, sampling scheme,
Horvitz-Thompson estimator, small area estimation, area sampling, depth
function

1. Sampling strategy

Let U=(1,2,...,N) be a fixed population of the size N. An observation of a
variable under study (an auxiliary variable) attached to the i-th population element
will be denoted by y; (z;), i=1,...,N. The sample of the size n, drawn without
replacement from the population, will be denoted by s. The sampling design is
denoted by P(s) and inclusion probabilities of the first and second orders —
by 7, for k=1,....N and 7m, for k#t, k=1,..N, t=1,...N, respectively. Let S be
the sample space of the samples of size n, drawn without replacement. We are
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going to consider the following sampling designs of simple samples drawn

-1
without replacement: Py(s) = [N] for all s &S.
n

There are several sampling designs on the value of a non-negative auxiliary
variable. Some reviews of them are presented, e.g. by Tillé (2006). We are going
to consider the following one analysed by Wywiat (2007, 2008, 2009).

Let Z, be the r-th order statistic from a simple sample drawn without
replacement where the auxiliary variable’s values are observed. Let e e(0;1) and
[na] be the integer part of the value na. The sample quantile of the order « is
defined as Q,, =Z;) wherer = [na/+1 and (r-1)/n<a <t/n. Let G(ir)={s:
Zy,)=x;} be the set of all samples s whose r-th order statistic of the auxiliary
variable is equal to x; where r<i<N-n+r. Let U;=(1,...,i-1) be a subpopulation
of the population U and let s, be the simple sample of the size (r-1), drawn
without replacement from U;. Similarly, let U,=(i+1,...,N) be a subpopulation of
the population U and let s, be a simple sample of the size (n-r), drawn without
replacement from U,. The sample space of the samples of the type s; will be
denoted by S(U,s;) and the sample space of the samples of the type s,

will be denoted by S(Us,s,). Let s = (s, U{i}Us,) be such a sample that the
value of the r-th order statistic of an auxiliary variable - observed in the sample -
equals x; Hence, the sample space of such a sample s is as follows:
S:i=S(U;,s1)x{i} x S(U,,s;), where x is the symbol of the Cartesian product. So,
N-n+r

the sample space for all i=r,..., N-n+r is as follows S = US” .

Wywiat (2008) proposed the following sampling design proportional to the z;
value of the Z,,, statistic.

Zir)

N-—n+r j—l N—j
.
L r=1\n-r /"’

Jj=r

A(s|r)= for s S, (1)

or

L forse S, i=r,...,.N-n+r.

N-—n+r j—l N—j
Z .
— r=1\n-r)"’

RA(s|r)=

~.
~
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The conditional version of the sampling design is as follows.

Z
R(s|z, £Z,y<z,)=F(s|ru,v)= ) for s &S,/
Z .
‘ r=1\n-r /"’
Jj=u
v
where S, ,,, = US”» . Equivalently,
i=u
P(s|ru,v)= Zi forse S, i=r,....N-n+r. 2)

S

forse G(i,r) and r <u <i <v <N-n+r.

Let us define such a function &) that if t<0 (#>0) then o(1)=0 (o(1)=1I).
Moreover, let

v i 1Y N=
ar(u’V):sz(:'—lJ[n—:J (3)
J=u

The inclusion probabilities of the first order are as follows:

Tk

Su—-k)Sr -1 -1 —1) <o [i—zj(zv—i]
= Zi+

a,(u,v) r=2\n-r

i=u

k=1/. ,
Olk—u+1)S(v—k+1) B B B i—-1\(N—-i-1 ‘
+ @) [5(}1 r)o(k—u)o(k l)i:gu [r B 1)[’1 . le +

k-1\\N-k  (i-2\(N-i
+[r_1][n_rJzk+§(r—1)5(v—k)i;1[r_2J[nr]zi]+

S5k =v)S(n—r)S(N-v) s i-1N-i-1
a,(u,v) ;[r—l][n—r—l}i )
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for k=1,...,N. The probabilities of the second order have been derived by
Wywiat (2008).

The sampling scheme implementing the P(s|r;u,v) conditional sampling
design is as follows. Population elements are ordered according to the increasing
values of the auxiliary variable. Next, the i-th element of the population is drawn

with this probability:
(i—l N-i
r=1\n-r “i
e i &)

pili| ru,v) = , i=u,...,v
a,(u,v)

Next, the simple sample s; of the size (-1) is drawn from the subpopulation
U, and the simple sample s, of the size (n-r) — from the subpopulation U,. Let us
note that the expression (6) shows the truncated distribution of the order statistic
Z) from the sample drawn according to the sampling design P,(s|r;u,v). Hence,
plruv)y=R(Z,)=z22,5Z4)<z,).

The well known Horvitz-Thompson (1952) estimator is as follows.

17,y
Vrrs =~ > Ak 6
YHTS Nkl T ()

If I, = 1, if the k-th population element was drawn into a sample. When /,= 0,
the k-th element was not drawn into the sample. It is well known that the strategy
(¥urs»P(s)) is unbiased for the population mean when all inclusion probabilities

are positive. The expression for the variance of the Horvitz-Thompson is well
known and it can be found in all survey sampling textbooks. The strategy
_ — _ 1
(VrssPo(s)) = (¥s, Ro(s)) where yg =

——z y; 1s called a simple sample mean and
n

ieS
—n

its variance is: D* (¥, Py(s)) = v

b
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2. Synthetic auxiliary variable

Now, we are going to consider an auxiliary variable with possible negative
values which will be denoted by x. Let us define the following transformation of

the auxiliary variable.

=— =l N ™

1+(Xl' —)?)2

So, the obtained variable z can be treated as a new synthetic auxiliary
variable. Let us note that the observations of a symmetric variable x, close to its
mean value X, are transformed into the large values of the variable z. Let the
two-dimensional variable (y,x), where y denotes the variable under study, be
symmetric. So, when the variables are highly correlated, we can expect the
sampling design (proportionate to values of the variable z) more frequently gives
the sample with observations of the variable y close to its mean value.

Now, we are going to construct more general synthetic auxiliary variables. A
multidimensional auxiliary variable will be denoted by x and its value attached
to the i-th population element will be denoted by x;+=/x;; . x;,/, i=1,...,N.

The matrix of all observations of the auxiliary variable is

X% X1

X=| .. :[x*l x*q] where x«;=| .. |, i=1,...,N. Leti:[il iq]z

XN* XN]-

L7
—Jyx
NN

where Jy be a unit column-vector whose all N-elements are equal to one.

_ 1 . .
Moreover, let d=x-Jyx and c(x):ded be the population variance-

covariance matrix of the auxiliary variables. Similarly, e¢(x,y) :ﬁdT (y—Jn»)

where yT =[yl...yN]. The sample auxiliary variable observation matrix
is denoted by x, and it consists of such rows x;« ies. So, the sample variance-

s

. . 1 1 — :
covariance matrix 1s cS(x):—ldeS, ¢, (x, y)=—1dsT(ys -Jyy,) and y, is the
n— n—

column vector of values of the variable under study observed in the sample.

There are many definitions of depth functions, see e.g. Liu, Parelius and Singh
(1999). We will consider the so called spherical depth function and the one based
on the well known Mahalanobis (1936) distance. They are defined by the
following equations respectively.

i=1,....N (8)

1 1
2(x;) = SE——) 2(x;) = P —)
1+d,d, 1+d;e (0,

So, the maximal depth of an observation of the auxiliary variable is equal to
one. Let us note that the synthetic variable given by the expression (8) is a one-
dimensional version of the spherical depth function.

Let us suppose that the distribution of the variables (y,x) where x=/x;,x,, ...,x,/
is symmetric. Moreover, let the multiple correlation coefficient between the
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variable under study y and the g-dimensional auxiliary one x be high. So, the
observations of the auxiliary variable x, close to the mean values X, are
transformed into high values of the synthetic variable z. Hence, similarly to the
one-dimensional auxiliary variable, when the variables are highly correlated, we
can expect the sampling design (proportionate to values of the variable z) more
frequently gives the sample with observations of the variable y close to its mean
value. Let us note that the foregoing analysis shows that the symmetry of a
multidimensional auxiliary variable distribution is not necessary.

3. Accuracy comparison of estimation strategies

The accuracy of the (75, P(s)) estimation strategy was measured by means of
the relative efficiency (deff):

o2 D’ Gurs. Ps))
D* (3 Fo(s))

The parameter D’ (3,5, P(s)) is assessed as the variance of the estimator’s

values calculated on the basis of the values of the variables observed in replicated
sampling according to the sampling design P(s).

Let es and eM denote the relative efficiency for the strategy based on the
synthetic auxiliary variable evaluated on the basis of spherical depth function and
the Mahanalobis one, respectively. Moreover, we assume that r=n, because for
r<n the relative efficiency coefficients are usually not greater than in the case
when n=r, as it was shown by Wywiat (2007).

The simulation analysis was based on three—dimensional observations which
were obtained on the basis of the generator of random values of three-dimensional
normal distribution. The synthetic auxiliary variable was evaluated on the basis of
the spherical or Mahanalobis depth functions defined by the expression (8). The
distribution considered was the mixture of the three-dimensional normal random
variables with the same weights equal to //3. The normal distribution was dented
by N(m,, m,, ms, V),where m; is the mean value of the variable under study, m,, m;
are mean values of auxiliary variables, and finally V is the variance-covariance
matrix. The parameters of the distributions were N(4,4,4,V;), N(4,8,8,V;) and
N(4,12,4,V3), where

1 05 05 1 095 09 1 -0.9 0.97
V=05 06 05], V,=1095 1 08|, 73=[-09 1 -08
0.5 0.5 0.6 09 08 1 097 -0.8 1
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Figure 1. The spread function of the auxiliary variables.

The multiple correlation coefficients between variable under study and the
auxiliary variables were calculated on the basis of the expression:
p; =1—det(V;)/ diag(V;), 1=1,2,3. Their values are p;=0.913, p,=0.978, p;=0.992.

According to the probability distribution considered, 900 observations were
generated by means of a standard program available in the package R.

The two-dimensional distribution of the auxiliary variable is the marginal
distribution of the three-dimensional distribution has been just defined. It is the
mixture of the following normal distributions: N(4,4,Vy), N(8,8,V;) and
N(12,4,V,3), where

, _foe o5 [roo9] T 097
A5 06]7 2 oo 1|77 o097 1 |

Figure 1 shows the spread of the auxiliary variable’s observations.
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Table 1. The relative efficiency coefficients. The spherical depth function.
The size population: N=900. The sampling scheme for r=n=u.

n €9 €] € €3
90 0,027 0,033 0,027 0,026
81 0,029 0,036 0,030 0,029
72 0,032 0,040 0,032 0,031
63 0,036 0,044 0,037 0,035
54 0,042 0,052 0,042 0,041
45 0,050 0,062 0,051 0,048
36 0,062 0,075 0,063 0,061
27 0,083 0,099 0,085 0,080
18 0,121 0,148 0,125 0,116
9 0,227 0,280 0,227 0,222

Source: Author’s own calculations.

Table 2. The relative efficiency coefficients. Mahalanobis depth function.

The population of the size N=900. The sampling scheme for r=n=u.

n €0 €1 € €3
90 0,027 0,033 0,026 0,027
81 0,029 0,035 0,029 0,028
72 0,033 0,041 0,033 0,032
63 0,038 0,045 0,037 0,037
54 0,042 0,053 0,043 0,041
45 0,050 0,061 0,052 0,048
36 0,062 0,073 0,062 0,060
27 0,081 0,098 0,082 0,079
18 0,121 0,154 0,121 0,118

9 0,223 0,274 0,216 0,220

Source: Author’s own calculations.

The analysis of the Tables 1 and 2 lead to conclusion that there is not
any significant difference between the relative efficiency coefficients
of the estimation strategy based on auxiliary variable dependent on spherical
depth functions and the appropriate relative efficiency coefficients of the
estimation strategy based on an auxiliary variable dependent on the Mahanalobis
depth functions. The Tables 1 and 2, aswell as Figure 2 show that those
coefficients decrease when the sample size increases.
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Figure 2. The relative efficiency coefficients for an increasing sample size.

Table 3. The relative efficiency coefficients. The spherical depth function. The

population of the size N=900. The sampling scheme for r=n=9 and u>9.

u € e; e €3
9 0,227 0,280 0,227 0,222
50 0,225 0,280 0,226 0,219
100 0,221 0,272 0,228 0,212
150 0,224 0,277 0,226 0,217
200 0,224 0,277 0,224 0,218
300 0,224 0,279 0,225 0,218
400 0,225 0,278 0,230 0,216
500 0,225 0,287 0,231 0,215
600 0,225 0,286 0,226 0,218
700 0,225 0,288 0,230 0,213
800 0,235 0,294 0,234 0,229
850 0,255 0,298 0,247 0,253

Source: Author’s own calculations.
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Table 4. The relative efficiency coefficients.
The Mahanalobis depth function. The population of the size N=900. The
sampling scheme for r=n=9 and u>9.

u €o €1 [S)) €3
9 0,223 0,274 0,216 0,220
50 0,222 0,277 0,216 0,218
100 0,220 0,283 0,214 0,215
150 0,224 0,286 0,219 0,220
200 0,222 0,276 0,216 0,218
250 0,221 0,277 0,217 0,217
300 0,224 0,282 0,216 0,221
400 0,224 0,279 0,219 0,221
500 0,225 0,281 0,219 0,221
600 0,225 0,283 0,219 0,0221
700 0,229 0,288 0,215 0,228
800 0,233 0,288 0,219 0,234
850 0,233 0,295 0,223 0,232

Source: Author’s own calculations.

The Tables 1 and 2 consist of the relative efficiency coefficients of the
conditional strategy (v,zs,P(s|n,u,N)). The analysis of these tables let us say that

the conditional variant of the sampling design does not significantly lead to
improving efficiency of the estimation.

4. Conclusions

The simulation analysis leads to the conclusion that the direct Horvitz-
Thompson estimator of the domain mean under the proposed sampling designs
dependent on depth functions of auxiliary variables is evidently more accurate
than the simple sample mean. The sampling designs dependent on the spherical
depth function and the Mahanalobis one approximately lead to the same accuracy
of the estimation. The conditional versions of the sampling designs do not
significantly improve the accuracy of the estimation. So, in practice, it is
sufficient to use the direct Horvitz-Thompson estimator of the domain mean
under the sampling designs dependent on spherical depth functions of auxiliary
variables.
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